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Chapter 4.3: Monotonic Functions and
the First Derivative Test



Increasing /Decreasing

f(x) is increasing on [a, b] if all ¢, d with
a<c<d< bsatisfy f(c) < f(d).

(f is going up as we move from left to
right.)

f(x) is decreasing on [a, b] if all ¢, d
with a < ¢ < d < b satisfy f(c) > f(d).
(f is going down as we move from left to
right.)
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If £(x) is a continuous function for
a < x < b and it is differentiable for
a < x < b, then we say
» f(x) is increasing on [a, b] if
f'(x)>0foralla<x<b
» f(x) is decreasing on [a, b] if
f'(x)<Oforalla<x<b
f’(x) can change sign if
» f/(x)=0
> f’(x) is not defined
If f'(x) does not change sign on [a, b],
testing one point for sign is enough.

Functions which are either always
increasing or always decreasing are called
monotonic.



Finding where function is increasing and decreasing

Plan:

1. Find where derivative is 0 or
undefined. (Critical points.)

2. Use these points to divide domain
into intervals. Test a single point for
each interval (only need the sign!).

3. Where you get a positive is an
interval where function is increasing;
where you get a negative is an
interval where function is
decreasing.

(If continuous, can combine consecutive
intervals with same behavior.)
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Example: Determine the intervals when
the function f(x) = x> —3x? — 9x + 13
is increasing and decreasing.

f'(x) =3x? —6x2 -9

Now solve f'(x) =0

3x2 —6x>—9=0
x> —2x>—-3=0
(x-3)(x+1)=0

Critical points are —1,3. The intervals of
interest are (—oo, —1], [—1, 3], [3, ]
f'(—2) =5 so f is increasing on

(—T)C, _1]

f'(0) = =3 so f is decreasing on [—1, 3]
f’'(4) =5 so f is increasing on [—3, 00)
Increasing on (—oo, —1] and [—3,00)
Decreasing on [—1, 3]



Example: Determine when the function
g(t) = t5 +5t* — 20t — 31 is increasing
and when it is decreasing.
g'(t) = 5t* 4 20t> — 602
th+ 483 - 1262 =0
t2(t+6)(t—2)=0
critical points are —6,0, 2.
g(—10) = 100(—4)(—12) > 0
(-1)=1(5)(-3) <0
g(1) = 1(7)(~1) < 0
(3)=9(9)(1) >0
g is increasing on (0o, —6] and [2,0] g
is decreasing on [—6,2]
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Example: Determine when the function
h(x) = e=* (x*/° 4+ x°/®) is increasing
and when it is decreasing.

h/(X) — _fe ¥ (X4/5 +X9/5) +
o—4x (%X_IM + 9/5x4/5)
H(x) =

Lo (—20x*/5 — 20x%/% + 4x~1/5 4 9x*/

W (x) =

e (—11x45
—4x

h/(X) o e5
W (x) = &

o 20X9/5 + 4X71/5>
x5 (—11x* — 20x2 + 4)
*1/5( 4x +1)(5x + 4)

Critical pomts 750 1
x<—g:f(x)=+-—+-—>0
—§<x<0 fx)=+-—-+-+<0
O<x<i:if(x)=+-+++>0
%<x:f(x):+'+ —-+<0

increasing on (—
decreasing on [—



First Derivative Test

classification of critical points

The first derivative gives information
about when function is
increasing/decreasing. It can be used to
determine if a critical point is a local

max,/min.
f'’>0 f'<0 Local
- o Local max
f'<0 f'>0
L0720 NS Local min
c c
f'>0 f'>0 .
—_— /?/ Neither
f'<0 f'<0 .
- \E\ Neither
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Example: Classify critical point for
> f(x) =x3—3x>—9x +13

Increasing on (—oo, —1] U [-3, x0)
Decreasing on [—1, 3]

—1 is a local max

3 is a local min

g(t) = t>+5t* — 20t — 31

g is increasing on (00, —6] U [2, 0]
g is decreasing on [—6, 2]

—6 is a local max

0 is not a local optimum

2 is a local min

h(X) — % (X4/5 + X9/5)
increasing on (—oo, —2] U [0,
decreasing on [—#,0] U [}, o0
7% is a local max

0 is a local min
is a local max
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Example: Find and classify the critical points of the function f(x) =

y+1
y2+8

(Y +8) —2y(y+1) y*+8-2y>-2y  y*+2y-8

S N O
oy —r+4y —2)
N L

Critical points are —4 and +2.

f'(—10) = —(—6)(—12)/(100 + 8)% < 0
F1(0) = —(4)(-2)/(0 +8)* > 0

f'(10) = —(14)(8)/(100 + 8)> < 0

f is decreasing on (—o0, —4] U [2, c0)

f is increasing on [—4,2]

—4 is a local minimum
2 is a local maximum
TODO: Draw the lines with intervals and + and -.

(y?+8)?



